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Interference by Reflection
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adent Pulse

Reflection at a fixed end or rigid boundary

Inwerted Reflected Pulse



Standing wave: Reflection occurs at a fixed end or rigid boundary

The equations of a simple harmonic wave travelling
along X-direction is as follows-

¥4= a sin=(vt-x) (10.1)

Let this wave is incident normally on and reflected
from a fixed boundary, then the equation of the
reflected wave will be,

y,=-a Sin%n( Vt+Xx) (10.2)

Here, both the direction of displacement of the
particles and the direction of propagation of the wave
itself, get reversed.

Both the incident and the reflected waves travel along
the same linear path and superimposed with each
other. Therefore, the equation of resultant standing
wave is

y=y;+y,=a Sin%n( vt-x) + [-a Sin%n( vt+x)]

.2 .2
= a[sm%( vt-x) - Sm%( vt+x)]

2m 2
s Y= a[Zcos—(2 2yt ZLxt —vt+—x]sm [2 —Vt- —nx- 7” t——x)

=a 2cos 7vt)sm[ - 7}()

. 2TTX 2nvt
y=-2a Sin—= cos— (10.3)
. 2TTX . 2T
Or, y= - 2a sin— coswt [since, w=—V]

A A
The resultant wave is also a simple harmonic wave of the
same time period and wavelength as the two constituent
waves. But the amplitude is changed to,

2TTX

A=2a SII’IT (10.4)

Velocity of the particle,

U= =22 5in" % sin""  (10.5)

Acceleration of the particle at any given instant of time,
fg = Sn;wz sz,;x coszzvt (10.6)

The strain or compression at any point of the resultant
vibration is given by,

dy 41TQ 27X 2ntvt

_— =- CcoS coSs
dx A A A

(10.7)




Changes with respect to position

. . . . 2TTX 2TTX
i. Consider the points where, Sin—= = 0 and COST="_‘1

From equations (10.3), (10.4), (10.5), (10.6) and
(10.7),

Displacement, y = 0
Amplitude, A= 0

: ., d
Particle velocity, d—jt’ =0

2

. . d
Particle acceleration, d—g =0

. dy —4ma 2
Strain, — = COS
" dx T A

vt .. .
7 (strain is maximum)

2
That means, % =mm;, m=0,1,2 3, ...........etc.

ma A, 31
So,x =—=0, -
2 2

These points are called nodes.

.. . . . 2TTX 2TTX
ii. Consider the points where, Sin—== +1 and COST=0

From equations (10.3), (10.4), (10.5), (10.6) and
(10.7),

. —_ 2tvt
Displacement, y = + 2a cos 2
Amplitude, A= 2a
. . dy 4mtav ., 2mvt
— =+
Particle velocity, o = E o sin—
Particle acceleration Ay _, 8rar cosznvt
Catt T T Q2 y)
. dy ..
Strain, " 0 (strain is zero)
2TTX T
That means, = (2m+1) > m=0,1,2, 3, ..........etc.
2m+1)r 21 31 52
So,x=u: e etc.
4 4 4’ 4

These points are called antinodes.




Changes with respect to time

vt

. . . . 21Vt 2
iii. Consider the instant of time, Sin——= 0 and COST=11

From equations (10.3), (10.4), (10.5), (10.6) and (10.7),

: — .2
Displacement, y = + 2a Sm%

Amplitude, A= 2a Sinz% (time-independent)

Velocity, % =0

d’y _  8m’av’

. . 27X
Acceleration, ok

- Sin—

— 4ma 27X . . .
Strain, d— =+ cos—— (strain is maximum)

2mvt
That means, — = mm; m=0,1,2,3, ............etc.
mi mrT T ., 3T . v 1
So,t=—=—=0,-T,— coeerrererernn... etc. [since, = = =]
20 2 2’2 AT

Although at this instants amplitudes of particles are all
different, each particle is at its extreme position and velocity
is zero. The pattern is therefore stationary at that instant.
This instant is called the stationary instant.

vt

. . . . . 21t 2
iv. Consider the instant of time, sin——= +1 and COST=0

From equations (10.3), (10.4), (10.5), (10.6) and (10.7),

Displacement, y =0

Amplitude, A= 2a Sinz% (time-independent)

. dy 4mtav . 27X

—_— + 1

Velocity, ;= E 5 sin—
. d?
Acceleration, ¥ -0
dt?
. d
Strain, -0
dx
2 T

That means, nTvt =(2m+1) > m=0,1,2 3, ............etc.

2m+1)a (2Zm+1)r T 3T ST .
So, ( ) ( )T _ T e etc. [since, v

. 4v 4 T4 4 4 y)

Half a period apart, all the particles pass through their
equilibrium positions and have their maximum
velocities; although these maximum velocities are
different for different particles.
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Fig. Time snapshots of two sine waves.

The red wave is moving in the —x-direction. The blue wave is moving in the +x-direction.
The resulting wave is shown in black.

Consider the resultant wave at the points x=0m, 3m, 6m, 9m, 12m, 15m, The resultant
wave always equals zero at these points, no matter what the time is. These points are
known as fixed points (nodes).

In between each two nodes is an antinode, a place where the medium oscillates with an
amplitude equal to the sum of the amplitudes of the individual waves.
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Inadent Fulse

Reflection at a free end

Reflected Fulse



Standing wave: Reflection occurs at a free end

The equations of a simple harmonic wave travelling
along X-direction is as follows-

y;=a SinZTn(vt-X) (10.8)

Let this wave is incident normally on and reflected
from a free boundary, then the equation of the
reflected wave will be,

.2
V= a SlnTn( vt+x) (10.9)

Here, the direction of propagation of the wave is
reversed, but the direction of displacement of the
particles remains unchanged.

Both the incident and the reflected waves travel along
the same linear path and superimposed with each
other. Therefore, the equation of resultant standing
wave is

.2 . 2
y=y,+y,=a San( vt-x) +a San( vt+x)

1 2m 2
= a[Zsm— —vt- —x+ —vt+—x]cos—(2—vt- —nx- —”vt——x)

S y=a 2sin 7ITW'LJCO s(- 2Lx)
y = Zacoszjxsinzzm (10.10)
= 2a cos’Zsinwt [since, W= -27m]

A

The resultant wave is also a simple harmonic wave of the
same time period and wavelength as the two constituent
waves. But the amplitude is changed to,

A= 2a cos=> (10.11)
Velocity of the particle,

_ d_y _4mav 27X 2ntvt
U= =5 C0S—=cos— (10.12)

Acceleration of the particle at any given instant of time,
8m’av? 2mx . 2mvt

4y _ cos—= sin
>~ 22 2 o

(10.13)

The strain or compression at any point of the resultant
vibration is given by,

dy 4mta . 2mx . 2mvt

E—- 1 Sin 1 Sin 1

(10.14)




Changes with respect to position

. . . . 2TTX 2TTX
i. Consider the points where, Sin—= = 0 and COST="_‘1

From equations (10.10), (10.11), (10.12), (10.13) and
(10.14),

. 21Tt
+2asin—

Displacement, y = 7

Amplitude, A= 2a

. . dy 4mTav 2mtvt
— =+
Particle velocity, =i C0s—
d*’y — 8mfav® . 2mvt
Particle acceleration, — = + sin
dt? A? A
. d
Strain, -0
dx
2TTX
That means, — = mm; m=0,1,2 3, ........etc.
ma A 34
SO, x=—7—=0,7 A, —reerrrrrrrrrnrn. etc.
2 2 2

These points are called antinodes.

.. . . . 2TTX 2TTX
ii. Consider the points where, Sin—== +1 and COST=0

From equations (10.10), (10.11), (10.12), (10.13) and
(10.14),

Displacement, y = 0
Amplitude, A= 0

: ., d
Particle velocity, d—Jt] =0

. . d?
Particle acceleration, d—g =0

dy
Strain, — +

(straln is maximum)

dx y)
That means, %x =(2m+1) g; m=0,12 3, ............etc.
So,3c=M:/—1—/1—)l .................. etc
4 4 4’ 4

These points are called nodes.




Changes with respect to time

vt

. . . . 21Vt 2
iii. Consider the instant of time, Sin——= 0 and COST=11

From equations (10.10), (10.11), (10.12), (10.13) and
(10.14),

Displacement, y = 0
Amplitude, A= Zacosz% (time-independent)

41TV 2TTX
+

. Lo ady
Particle velocity, = f——Cos—

. . d?
Particle acceleration, d—g =0

. d
Strain, LA
dx

21Tvt
That means, — = mm; m=01,2 3, ............etc.
ma mr T .. 3T 1
So,t=—=—=0,-,T, —,.c.eenun.........€tcC. [smce =]
2v 2 2’ 2 AT

Thus, particle displacement will be zero while its velocity

0, =, T

will be maximum at instants of time t = >

. . . . . 21t 2ntvt
iv. Consider the instant of time, sin—— = +1 and COST=O

From equations (10.10), (10.11), (10.12), (10.13) and (10.14),

Displacement, y = + ZCICOSZ%
Amplitude, A= Zacosz%x (time-independent)

: ., d
Particle velocity, d—Jt’ =0

2

) . d’y —8 2
Particle acceleration, =+ mav’ cos—=
dt? A2 A
dy — 4ma in 2TTX
Strain, d_ =+ T T
2 T
That means, ”Tw =(2m+1) > m=0,1,2 3, .......etc.
2m+1)x (Z2m+1)r T 3T 5T 1
So, t = ( J ( Jr_T 3T ST etc. [smce =]
4v 4 T4 a4 AT

Although at this instants amplitudes of particles are all
different, each particle is at its extreme position suffering the
maximum strain and acceleration and velocity is zero. The
pattern is therefore stationary at that instant. This instant is
called the stationary instant.




Energy of a stationary wave

Let us consider a longitudinal wave propagates through
a fluid. The bulk modulus (K) of the fluid is given by,

__ P
K=t (11.1)

. d
Where, p is the excess pressure or volume stress and d—i}

is the volume strain.

= KW
ap=KZ (11.2)

In the case of a stationary wave formed by reflection at
a free boundary, the strain is given by,

dy _ 4ma 21X 2ntvt

=7 sin 3 sin 7 (11.3)

Also, phase velocity is related to bulk modulus and the
density of medium (p) as follows,

K K :
V= \/% or, VZZE or, K= pv? (Newton-Laplace equation)

Substituting the values of% and K in equation (11.2)

4ta . 2mx . 21TVt

p = pVe[ - Sin== sin—] (11.4)
When, Sinz%le and Sin%=1, the excess pressure is
the maximum.
4
Do = PV ] (11.5)

From equations (11.4) and (11.5),

_ Sin2nx Sin2nvt
p - po yl yl

(11.6)

Let us put posinz%x = py in the equation (11.6)

D = Py Sinzzvt (11.7)

The particle velocity at a point is given by,
_dy_4mav 2mx 2mvt

U—dt— S C0S—=C0s — (11.8)




Energy of a stationary wave

Let us put % cos 2% = Uy in the equation (11.8)
U=Uycos Zjvt (11.9)

Now, the energy transferred per unit area in a small
interval of time dt is equal to the work done,

dI= pUdt

So, the energy transferred during the whole time period
T is given by

I= [, pUdt

21TVt

/’Ldt

—fT . 2mvt U
=Jo Pxsin——Uxcos
Thus, the rate of energy transfer or the average energy

transferred per second,

_J, pUdt

avg T

loyg= %IOT sin ? cos 2721% dt

= %‘fg sin 47;% dt

—_ IZ;(TU;’} [cos 47;%]5

=- IZ{(TUTXT [cos 47;17T — cos0]

=- % [cos# — cos0]

=- %[605471 — cos0] =- IDSXTUT{(T [1-1]
=0

So, the rate of energy transfer=0

Thus, there is no transference of energy
across any section of the medium in the case
of a stationary or standing wave.




Sample Problems

1. The equation of a transverse wave is y=0.004 Sin%ﬂ( 6t-x) which is incident at a rigid boundary.

i. Find the wavelength, phase velocity and time period of the incident wave?
ii. What is the equation of the reflected wave?

iii. Find the equation of displacement of the resultant wave.

iv. Calculate the maximum displacement at x=2.4 m.

2. A tuning fork A of frequency 384 Hz gives 6 beats per second when sounded with another tuning fork B. On
loading B with a little wax, the number of beats per second becomes 4. What is the frequency of B?

3. A sound wave in air, having an amplitude of 0.005 cm and frequency 700 Hz travelling along the direction of
positive X-axis with a velocity of 350 m/s. The wave suffers reflection at a free boundary. Obtain the values of

i. Displacement and amplitude of the resultant stationary waves at the point x=50cm.
ii. Find out the maximum excess pressure at the point x=50cm.

iii. Find out the distance between two successive nodes and antinodes.




